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ABSTRACT A theoretical study has been made to decide whether in the so-called non-free-draining limit 
of a linear flexible chain without excluded volume the inner region of the chain domain is asymptotically 
nondrained. To this end the average velocity perturbation field of the solvent medium resulting from a single 
chain in uniform translation, and observed from the center of mass, is calculated with the bead-string model 
of Kirkwood and Riseman. Only the asymptotic limit for a large number of segments is considered. In the 
approximation obtained, the average fluid velocity relative to  the stationary molecule and at the center of 
mass is 3.6% of the unperturbed velocity whereas at a radial distance beyond which on the average half of 
the segmenb is present the relative velocity in the equatorial plane is 36% of the unperturbed velocity. Average 
perturbation fields have also been calculated as observed from the middle and end segments of the chain. 
These fields Bpe markedly different. It is concluded that words like “the nondraining limit” and “the impermeable 
limit”, which long have been widely used, refer to a hydrodynamical condition that for unbranched flexible 
polymers is never obtained. We suggest the use of terms like ”the least-draining limit” or “limit of smallest 
drain”. 

Introduction 
Ever since its introduction by Kirkwood and Riseman’ 

(KR) in 1948, the spaced beaddring model in conjunction 
with the Oseen hydrodynamic interaction between the 
beads has appeared in theories on the intrinsic viscosity 
[v] and the friction coefficient f of dilute polymer solu- 
t iom2 In this model two limiting states are discerned, the 
“free-draining limit”, and its opposite, the “non-free- 
draining case”, cautiously named so by Yamakawa in his 
monograph.2 The latter limit is all-important because the 
behavior of real polymer solutions usually conforms to this 
limit. 

The term “non-free-draining” leaves open the question 
whether the solvent in the interior of the chain domain is 
immobilized with respect to the chain. Over many years, 
however, terms like “the nondraining limit” and “the im- 
permeable limit” have been in vogue.3 The idea of a chain 
molecule being nondrained for high degrees of polymeri- 
zation was suggested by the results obtained by Debye and 
Bueche4 in their calculation of [v] and f using a sphere of 
uniform segment density. They introduced the concept 
of hydrodynamical shielding and the “shielding length” L 
( L  = [ ! o /u { ]1 /2 ,  v is the bead density and {is the friction 
coefficient of a bead).5 For large values of the “shielding 
ratio” u (=R,/L, with R, the radius of the sphere), [77] and 
f approach values that hold for impermeable spheres of 
radius R,. Apparently, there is exclusion of flow lines from 
the interior of the sphere in these cases. 

It is a well-known result of the KR theory for the bead 
string model that for large values of nrb/R (q, = {/6rv0 
is the bead radius, n is the total number of Leads, and R, 
is the radius of gyration of the chain), [TI and f become 
independent of 5: Besides, the average drift velocities of 
the beads vanish -n-1/2 (6 state). From these results, 
Kirkwood and Riseman concluded that the interior seg- 
ments of a long flexible chain are likewise hydrodynami- 
cally shielded. 
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Evaluation of the shielding ratio for the chain will only 
fortify this opinion. Making use of the spherically sym- 
metric Gaussian approximation for the segment distribu- 
tion2 

in which R,2 = nb2/6, b being the distance between the 
segment beads, we consider the succession of shells of 
varying segment density. Thus we obtain 

It is seen that uch increases with n1l4, as it does for a sphere 
of uniform segment density. 

F l o g  was very definite in the matter, writing “once {//so 
is great enough to exclude the flow lines from the interior 
region of the molecule”. These words suggest that { / vo  
might be raised a t  will independent of the bead density. 
This cannot be true, however. Accordingly as the real 
chain bears more side groups, it becomes stiffer. Conse- 
quently we have to assume a greater value for the bead- 
bead distance of the equivalent statistical chain, which has 
free rotation of segments. As one bead has to represent 
a larger section of the chain, the size of the beads increases 
and their number decreases. In this way, while { / b  is 
slowly varying, the value of the well-known draining pa- 
rameter h (eq 27) will decrease through the factor nl/z, 
rather than increase. 

Whatever the thickness of the real chain, when the chain 
statistics is Gaussian or not very different, the segment 
density in a point defined with respect to the center of 
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Table I 
Ratio of the Hydrodynamic Radius (Rh) to the Radius of Gyration (R,) and Parent Data for Two Narrow Distribution 

Polymers in the 8 Solvents Cyclohexane, trans-Decalin, and Methyl Acetate" 

polymer solvent e, " C  iO-3M W6 s lo4 cmz/s ref lo4 em ref mL/g g/mL g/(cms) Rh/R, 
PS CH 35 1.50 13 2.90 16; 17 0.934 0.765 7.69 0.75 

34.5 1.51 f 0.01 14 2.90 0.934 0.765 7.62 0.75 
35.4 1.50 f 0.01 15 2.90 0.934 0.765 7.58 0.76 
35 1.37 f 0.1 18 2.90 7.69 0.74 

19 2.90 7.69 0.75 35 179.3b 1.34 
35 1.38 f 0.04 20 2.90 7.69 0.73 
35 179.3b Do = (3.23 f 0.02) X 21 2.90 7.69 0.74 
34.5 1.309 22 2.90 7.62 0.78 
35 1.24 f 0.05 23 3.1 f 0.3 23 7.61 0.77 

tD 20.5 179.3b D~ = 1.11 x 10-7 24 R, = 1.30 X 10" 24 21.1 0.70 
4.60 f 0.08 25 2.80 26 21.1 0.79 20.5 

MAC 43 179.3b Do = 8.65 X 27 R, = 1.34 X 10" 27 3.03 0.66 
PaMS CH 38 2.00 28 2.96 f 0.05 29 0.882 0.760 7.30 0.67 

34.5 1.80 30 2.90 31' 0.886 0.766 7.60 0.71 
tD 9.5 0.39 30 2.83 31' 0.894 0.878 25.9 0.66 

s&lw-'/2, DJTw-'/2, R&--'/2, up, P ,  q,  10-3 

aRelationships used: Rh = f/6?rq; f = M(1- U ~ P ) / S & A ;  f = RT/D&A; NA is the Avogadro number. bNBS 705 Standard. Same polymer 
batches as under ref 30. 

I mass, and therefore not necessarily on the chain, always 
decreases with n-l12 and so ultimately vanishes. The same 
applies to the volume fraction of segments. Therefore, 
exclusion of flow lines, if it is realized, cannot result from 
a material filling of the interior region. When a segment 
is taken as the reference point, then to the R, scale the 
average segment density vanishes also everywhere with 

except a t  distances that are vanishingly small with 
respect to R, (cf. eq 69). 

The theoretical results and the discussions by the 
aforesaid authors have given rise to the view that the do- 
main of a long flexible chain is largely nondrained. This 
view has survived to the present, as appears from remarks 
in recent literature.*-'l 

The state for large n has also been characterized as 
containing "no draining effect".l2 This is to say that for 
a solution in the 8 state [ ~ ] / n l / ~  and f/n112 are independent 
of n. No doubt these characteristics are correct. However, 
they do not require the absence of draining, because they 
arise as soon as the average draining pattern is approaching 
its asymptotic profile (Figure 1, curve l ) ,  the remaining 
draining making the friction smaller than in case of com- 
plete exclusion of flow lines. This smaller friction, too, is 
a draining effect. A strong indication for partial draining 
of the long flexible chain is the established fact that the 
radius of the friction-equivalent impermeable sphere, the 
hydrodynamic radius Rh, is smaller than R,. Rh is calcu- 
lated from sedimentation coefficients (so) or diffusion 
coefficients (Do) valid at infinite dilution. Literature data 
about these coefficients and the radii of gyration for two 
narrow distribution polymers in three 0 solvents are col- 
lected in Table I. The ratio Rh/R, is in the last column. 
Rh/R, is seen to be considerably smaller than 1, although 
it is larger than the corrected KR value (=0.676, eq 39). 
This has been known for several years from data that did 
not include sedimentation  coefficient^.^^ 

In 1977 the porous sphere model was taken up again in 
semiemperical calculations of [a ]  and f for given poly- 
mer-solvent systems. Mijnlieff and. Wiegel' postulated a 
Gaussian distribution for the permeability and established 
its relationship with the segment density by experiment. 
For the 8 system PaMS ( M  = 3 X lo6) in cyclohexane in 
sedimentation flow they calculated the drift velocity of the 
center of mass to be 12% of the particle velocity. An 
extrapolation for n - a was not made, however. 

It was two results of the KR theory that elicited the view 
that linear chain molecules are asymptotically nondrained. 
Lest this theory be blamed for producing a result that is 
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Figure 1. Average draining and extension of the linear freely 
jointed chain in the limit of least draining and observed from the 
center of mass: (1) ratio of the average relative solvent velocity 
in the equatorial plane to the unperturbed velocity; (2) average 
number fraction of segments outside the sphere of radius r / R g ;  
(3) ratio of the relative solvent velocity in the equatorial plane 
to the unperturbed velocity for the friction equivalent sphere. 
(Rg is the radius of gyration of the chain; Rh is the radius of the 
equivalent sphere). 

disproved by experiment, the KR model comes first in an 
attempt to decide whether for n - m the draining of the 
inner region of a chain vanishes, as it does, on the average, 
close to a segment. 

Average Perturbation Field Observed from the 
Center of Mass 

Let the origin 0 of rectangular axes 1, 2, 3 be in the 
center of mass of a freely jointed chain of point forces Fk 
at distances r k  from 0 (k = 1,2, ..., n). For the application 
of Gaussian statistics to be allowed, each force is supposed 
to represent the action of several monomer units of a real 
chain. The Stokes dimension of the segments may be 
ignored, because the resulting additional perturbation is 
of the order s k - 3  (cf. eq 4) and because its ratio to a rep- 
resentative dimension of the chain (e.g., Rg) vanishes with 
n-l12. Let the chain be at rest and the unperturbed solvent 
velocity be u in the positive direction of axis 3. We require 
the average velocity perturbation at  distance R from 0 
resulting from the combined action of all segments. 

The distribution of the forces generates a perturbation 

v,(R,(r,J) = 2 T(R,r&Fk((rn)) (3) 
k = l  

in which (r,) indicates the forces to be dependent on the 
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coordinates of all segments. The Oseen tensor is's2 
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dinates Sk,8+$ with R as polar axis and $I = 0 in the plane 
containing R and axis 3. 

To establish the angular-dependent part of ( Tk(R)), we 
also introduce rectangular auxiliary axes l', 2', 3' through 
the same origin, with axis 3' in the direction of R and axis 
1' in the plane containing R and axis 3. The components 
of Sk in this system are 

Ski' = Sk Sin 8 cos i#l 

Sk2/ = Sk sin 0 sin 4 
S k S '  = Sk cos 0 (17) 

(18) 

After transformation of P,(r,) dr, to the polar coordinates, 
integration with respect to 4, 8, and Sk gives the compo- 
nents of (Tk'(R)). For the sake of brevity and an easy 
reading of the following equations for small E ,  we use the 
second moment function in addition to the error function 

Use is also made of the cosine relation 
rk2 = R2 + sk2 - 2RSk COS (a - 8) 

Forces Fk are proportional to the drift velocities wk. It 
is recalled that -wk is the fluid velocity at  rk that would 
be observed in the absence of segment k. Defining { = 
F k / W k  as the friction coefficient of a segment, we have 

vp(R,Irnl) = T(R,rk)'Wk((rn!) (6) 

Let P((r,)) be the multivariate distribution function of the 
segments to be in (rJ. The average perturbation in R is 
then given by 

(vp(R)) = {? 1 ... 1 T(R,rk).wk((rn))P(lrn~) 4rnJ (7) 

P((r,)) may be factorized in a conditional distribution 
function and the singular distribution function for rk 

n 

k = l  

k 

P((rn)) = P((rn,#k]lrk)Pk(rk) (8) 

Equation 7 thus becomes 

(vp(R) ) = (5 1 T(R,rk)'(Wk(rk))Pk(rk) drk (9) 
k 

with 

(Wk(rk)) = 1.. Swk((r,))p((rn,,k)lrk) d(rn,fkI (10) 

Since we have no expression for the conditional drift ve- 
locity (wk(rk) ), we approximate the average of the product 
by using the product of the averages 

n 

k 
(vp(R)) cC(Tk(R))'(wk) (11) 

in which 

( Tk(R) ) = 1 T(R,rk)Pk(rk) drk (12)  

and 

(wk) = 1 (Wk(rk) )Pk(rk) drk (13)  

We now derive ( Tk(R)). The distribution function for 
segment k with respect to the center of mass is2 

with 

3 k ( n  - k) 

Occasionally the use of continuous variables for the seg- 
ment order is more efficient. With x = 2 ( k / n )  - 1 (-1 I 
x I 1) and the use of nb2 = 6R:, eq 14 becomes 

Thus we obtain 

(i = 1, 2) (19) 

(Tk'(R))ij = 0 (i # j )  (21)  

Here y = 3 / [ 2 ( r k 2 ) ] .  
Return to the laboratory system is achieved by means 

of an ordinary matrix transformation comprising a rotation 
around axis 2', which lines up axis 3' with axis 3. The angle 
of rotation satisfies cos CY = R3/R. A second rotation 
through /3 around axis 3 makes axes 1' and 2' coincide with 
axes 1 and 2, respectively. This angle fulfills sin CY cos /3 
= R1/R as well as sin CY sin /3 = R2/R. We further change 
k for the parameter x and introduce symbols 

p = R / R ,  g,  = ( x 2  + y3)'/* (22)  

This yields 

in which 

Since the average drift velocity (wk) is proportional and 
antiparallel with u, we introduce the reduced drift velocity 
$Jk = -( q ) / U  to become $ ( x )  in the continuous variable. 
We recall that 4 ( x )  is the solution of the integral equation 

Since in the region of integration a singularity is present 
a t  Sk = 0, we take this point as the origin of polar coor- 
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resulting from the KR theory. h is the draining parameter 
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Our approximation in going from (9) to (11) is similar to 
the one made by Kirkwood and Riseman to obtain (26). 
The asymptotic solution of (26), valid for large h, is 

which is due to Kurata and Y a m a k a ~ a ~ ~  in continuation 
of a mathematical analysis by Auer and Gardner.34 

Since only this asymptotic solution is known in explicit 
form and since the asymptotic limit interests us most, we 
calculate only the average flow pattern for n - 03. 

Meanwhile eq 11 has changed into 

With (23), (22a), (28), and (27), this becomes 

(1 - x2)-lI4 dx *U (30) 1 
Al and A2 start from p = 0 as follows: 

Al(p,x) = L( - -( 2 P  - )  + -( 9 P  - )  - ...I (31) 

A2(p,x) = L( (i) - -( 3 P  - )  + ..,) (32) 

3 p  gx 5 gx 70 gx 

15?r1/' 7 gz 

The average solvent velocity relative to the center of mass 
is u + (vp(p)). We calculated its value for the equatorial 
plane. In this plane p I u, so we have 

Single and double integrations were done with a pro- 
grammable hand-held calculator. Curve 1 in Figure 1 
shows (u,el)eq/u = 1 + (up)eq/u as a function of p .  

For large p we expect the perturbation field of the chain 
to approach that due to the equivalent sphere. The per- 
turbation caused by a sphere of radius a is given by35 

so in the equatorial plane 

(35) 
(vP(R)Je, = -4 3 a  E( 1 + .')u 

3 R2 
For the equivalent sphere we have to substitute a = Rh. 
The theoretical value for Rh/R,, consistent with the present 
model, is established as follows: 

The friction coefficient of the chain is given by 

f = ?(Fk)/u (36) 
k 

which in the KR theory for very large n becomes 

n l  
2 -1 

f = - s l # ( x )  dx (37) 

With (28) and (27) and changing to x = sin 4, we obtain 

With R h  = f/6?rq it follows that 

Rh/R, = 0.676 (39) 

Curve 3 in Figure 1 shows ( u , ) ~ ~  for the equivalent sphere. 
The preasymptotic values for (24) and (25) are given by 

2 

(40) 
1 gx 

Al = 1 + -( 2 --) + O(e-p2/p) 

Using (22a), (39), and the relationship 
3 x2(1 - x2)-1I4 dx = - s l ( l  - x2)-lI4 dx 
5 -1 

(42) 

we derive from (30) 

Comparison with eq 34 shows that the perturbation due 
to the chain converges to that by the equivalent sphere 
with respect to terms O(R-l). As a result of its larger 
expansion it does not converge with respect to terms OW3)  
but is a little stronger. Figure 1 shows that for R/R, > 1.2 
(v,) for the chain is slightly larger than for the sphere. 

We also calculated the average fraction of the number 
of segments found outside the sphere with radius p .  

with Pk(rk) given by (14). 
Replacing the summation over iZ by integration with 

respect to x (making the substitution x = tan 4/3lI2 in eq 
16), we obtain from eq 44 

p31/2 + 2(3a)-'1ze-3p2~31~et' dt  
(n(p)),,/n = 1 - erf - 2 

(45) 

This function is shown in curve 2. 

Average Perturbation Field Observed from the 
Middle and End Segments 

With the use of eq 28 in our calculations for n - a, we 
introduced a zero drift velocity for the segments. We 
should refind this result when we calculate the average 
perturbation field observed from a segment. It further will 
be interesting to know how rapidly ( ure,) increases upon 
withdrawing from the chain. 

The analysis is similar to that in the previous section. 
Let again the chain be at rest and the unperturbed solvent 
move with velocity u in the positive direction of axis 3. 
Segment iz is a t  the origin. Let S l  be the vector from 
segment k to segment 1, and let S be a vector from k to 
a vacant point. The perturbation in S resulting from a 
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particular distribution of segments now reads 
n 

1=1 
Vp(S,(Sn,+kI) = l C T(S,SJ’WI((Sn,+kJ) (46) 

with the Oseen tensor 
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(55) 

in which 

X = 3(2b21k - = (2R,21~ - yl)-’ (56) 

The result of the derivation is 

smf X1/2S 
XS2 

B I I  = erf X1/2S + 
smf X1/2S 

A S 2  
B2, = erf X1f2S - 3 (59) 

with smf 5 defined above eq 19. 

obtain for the flow field a t  very large n 
From (54), (57), (28), and (27), writing a SIR,, we 

(1 - dy -U (60) 1 
Since in the region of integration a singularity occurs a t  

., 

I 

0 

Figure 2. Average draining and extension of the freely jointed 
chain observed from the middle and end segments: (4) (u,,),/u 
observed from the middle segment; (5) same as curve 4, except 
observed from an end segment; (6) average fraction of total 
number of segments outaide the sphere with radius SIR, centered 
on the middle segment; (7) same as curve b, except for a sphere 
centered on an end segment; (8) reduced root-mean-square seg- 
ment distance from the middle segment; (9) same as curve 8, 
except from an end segment. 

x = y ,  a series expansion of ( vp(u)) in powers of a’ is not 
possible. However, assuming x # y, we may evaluate the 
following limits 

I t  follows on the grounds of eq 26 and 28 that 

lim (v , (u))  = -u (-1 5 x 5 1) (64) 

So, on the average (v,(O)) = 0 in agreement with the re- 
quirement stated in the beginning of this section. The 
solvent does not slip along the chain and the contour of 
the chain is nondrained. 

As before we will consider the pattern of the average 
perturbation in the equatorial plane. For this plane u-u 
= 0, so that substitution of (58a), using (56b), in (60) gives 

u-0 

Numerical calculations have been done for x = 0 and x = 
fl and for a range of values of 0. To improve upon the 
reliability of calculating the ratio of small numbers the 
integrals have been transformed and the factors u-l and 
a-3 removed. This is shown in the Appendix. Curves 4 
and 5 in Figure 2 show ( u )  /u  = 1 + ( u , ) ~ ~ / u  as a 
function of a for k = n/2 (x “09, and k = 1 or n ( x  = fl). 
The initial course of (u,) from the origin for x = f l  is 
proportional to all2, so the initial slope of curve 5 is in- 
finitely large. 

Curves 4 and 5 should be appraised against the extension 
of the chain observed from the middle or end segments. 
The average fraction of the total number of segments 
found outside the sphere with radius S centered on seg- 
ment k is given by 
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a considerable fraction of u - (v,(R)), when between lobes 
of higher segment density there is a passage of lower 
density roughly in the direction of u. 

In conclusion we give as our opinion that terms like the 
“nondraining limit”, the “impermeable limit” or even 
“no-draining effect” refer to a hydrodynamical condition 
which for linear flexible chains is never obtained. These 
terms should be avoided and words like “the least-draining 
limit” or “limit of smallest drain” be used instead. 

Acknowledgment. We are grateful to Professor D. 
Bedeaux and, particularly, Professor A. J. Staverman for 
discussions and comments on manuscripts. 

Appendix (Eq 65) 

0) we require evaluation of the integrals 
For given values of x (-1 I x I 1) and a (a = u / d 2  1 

Here pk,(s? is given by (55). 

developed to the following expression: 
After changing to the variables u, x ,  and y, eq 66 can be 

For x = 0 and x = f l  this function is shown by curves 6 
and 7. Vertical lines 8 and 9 indicate the root-mean-square 
distances of all other segments from the middle segment 
( x  = 0) or the end segments ( x  + kl). These distances 
follow from the mean-square distance between segments 
k and 1 ,  which is Ik - llb2, and are given by 

F ( x )  = 3/20 + x2)R,2 (68) 

Comparison of Segment Density Distributions for 
n - m  

The average segment density distribution, observed from 
the center of mass, is given by (14) after summation over 
k. This density decreases everywhere with 

When a segment ( k )  is taken as the reference point the 
segment density is given by (55) after summation over 1. 
With continuous variables this density is found to be given 
by 

(-1 I x 51) (69) U 
erf 

21/2(1 - x)1/2 

In our figures to a scale, in which R, is the unit of distance, 
D again vanishes everywhere with n-ll2, except in u = 0. 
Here the value is infinite. 

Discussion 
In the approximation obtained by using eq 11 the fluid 

near the center of mass (2) is nearly immobilized with 
respect to the chain (curve 1). In 2 ( u , ) / u  is as small as 
0.036. At the level of Rh, however, the value is 0.28. Since 
on the average 2/3 of the total number of segments is 
outside the sphere with radius Rh (curve 2), we conclude 
that the greater part of the chain domain is partially 
drained, even for n - m. This conclusion may be drawn 
already from the single ratio (39). For, quite generally, if 
the chain were nondrained up to R , then on the grounds 
of Stokes’ relation the friction coe&cient would be more 
than a factor R,/Rh larger than the observed value. 

Close to the chain the hydrodynamical shielding is 
greater than that for the center of mass and is greatest for 
the middle segment. However, for a volume element at 
distance u = 0.1 from this segment the average shielding 
is already smaller than at  the same distance from the 
center of mass. This is due to the occasionally peripheral 
position of a segment, even of the middle segment. 

We considered only (vr(R)). What about the fluctua- 
tions v,(R) - (v,(R)) for the real chain? These may be as 
large as -(v,(R)), when the chain passes through R, up to 

and 

The evaluation offers some difficulty for small values of 
a. We divide the area of integration in four parts (Ii = 
&Iij; i = 1, 2) as follows: 

- 1 I y I x ,  0 < q e a(1 + x)-1/2 

- 1 I y I x ,  a(1 + x)-l/Z < q < a(x  - y)-’/2 

x < y I 1, a(1 - x)-l/2 < q < a(y - x)-1/2 

Ill: 

112: 

Z13: x < y I I, O < < a(I - ~ ) - l / ~  

114: 
The subintegrals for Il are the following: 

a I,, = [ 1: - (1 - y2)-ll4 dy1.a-l erf 
(1 + X ) l / Z  

For small a this should be expanded in powers of a. 

- t)-1/2 and then obtain 
For 112 we transform to the variable t through q = a(x  

This is finite also for a = 0. 

I 1 4  we transform with q = a(t  - x)-’/’ 

r-1/2L1e-az/(t-d(t - x)-3/2 

which is finite for a 1 0. 

IZl = []:(I - - y2)-1/4(x - y) dy] x 

Similarly we obtain for I2  

( l+r)  a - ff 

(1 + x)l/Z 2(1 + x)l/Z 



1158 Mulderije and Jalink 

which can be expanded in a2 ( x  > 1). 
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An algorithm, based on the Romberg method, was de- 
veloped for the evaluation of integrals of the kind 

It was written out in a program for the HP-41C hand-held 
calculator and used for the evaluation of Z12, 1 1 4 ,  122, and 
124 for various values of x and a. 
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